Currently it is not known how to experimentally measure the contribution of the orbital angular momentum of the quarks to the total spin of the nucleon. By examining the quark orbital angular momentum we find that it does not satisfy the standard angular momentum commutation relationships.
I. INTRODUCTION
Ever since the EMC experiment [1] it has been realized that, contrary to the simple quark model, the spin of the nucleon comes not only from the spin of the valence quarks, but also has contributions from the quark orbital angular momentum and from the gluons.
Mathematically this is written as
where the spin 1/2 of the nucleon is broken into contributions from the quark spin ( Recently [3] an explicitly gauge-invariant form of the total QCD angular momentum has been given
where D i = ∂ i − igA a i T a is the covariant derivative with T a the SU(3) generators. The first term in Eq. (2) is associated with the spin of the quarks, the second term with the orbital angular momentum of the quarks, and the last term is the total gluonic contribution. Eq.
(2) can be cast in four-vector notation by defining
where M αµν is a rank 3 tensor which can be defined in terms of the energy-momentum
The QCD energy momentum tensor is given by
where γ (µ iD ν) means that the indices are symmetrized. With these definitions the angular momentum components of Eq. (2) can be expressed in terms of Eq. (3) as
In examining the commutators of the various terms in Eq. (2) we will deal with the angular momentum density operators. Also for the first two terms in Eq. (2) we will not always write out the ψ's unless required for dimensional consistency.
In order for an operator to be a good quantum angular momentum it should satisfy the standard angular momentum commutation relationship
For example the first term (
(2) can be written as
Since the σ matrices satisfy [σ i , σ j ] = 2iǫ ijk σ k one finds that the first term in Eq. (2) satisfies Eq. (6). The second term in Eq. (2), however, fails to satisfy Eq. (6) which implies that it is not a proper angular momentum when considered by itself. This also calls into question the ability to the break up the components of the nucleon's total spin into the separate terms given in Eq. (1).
II. QUARK ANGULAR MOMENTUM
The orbital angular momentum part of Eq. (2) can be written in component form as
Using the standard formula ǫ ilm ǫ jqm = δ ij δ lq − δ iq δ lj several times and eliminating terms like
The first to terms can be written as
where in the last term we have renamed some of the summed over dummy indices. One possibility is that color magnetic fields are restricted by Eq. (11) to always satisfy the condition x l B l = 0 thus making L QCD a good angular momentum density. This would be a very strong restriction on the form of the color magnetic fields. This option is probably not viable, since some successful phenomenological models of baryon masses [4] (or see Ref.
[5] for a general overview) explain the mass differences between baryons of similiar quark content but different spins in terms of a color magnetic dipole-dipole interaction in analogy with the similiar electromagnetic interaction. For such a color magnetic dipole field
Another possibility is that, even though L QCD does not, by itself, form a good angular momentum operator, the combination of L QCD with some other operator may be a proper angular momentum operator. This is the situation encountered if one studies the system of an electric charge in the presence of a magnetic monopole [6] : For this system it is only the combination of orbital plus field angular momentum which satisfies the angular momentum commutators. Also if one considers an electric charge in the presence of a magnetic dipole one again finds [7] that it is only the combination of orbital plus field angular momentum that satisfies the angular momentum commutators. In the next section we make some assumptions about the form of the color electric and color magnetic fields and show that under these assumptions it is the combination of orbital plus field angular momentum which obeys the angular momentum commutators.
III. FIELD ANGULAR MOMENTUM
L QCD , by itself, does not satisfy the commutation relationship of Eq. (6). However, the combination of orbital plus gluon field angular momentum (i.e. J g = d 3 x G QCD where
) may satisfy Eq. (6) . Considering the sum of the orbital plus field angular momentum density we now want to calculate
The first term was calculated in the last section. Due to the non-perturbative nature of QCD the exact form of the color electric and color magnetic fields is not known. Thus in order to evaluate the last three commutators in Eq. (12) we need to make some assumptions about the form of these fields. We will assume that the color electric and color magnetic fields can be written as
where E p (x) and B p (x) are vector functions. A similiar form for the color electric and magnetic fields was assumed in Ref. [8] . In this way the group and the space factors are divided into separate terms. With this assumption the second commutator in Eq. (12) becomes
so the non-trivial commutation comes from the group terms. This group commutator can be written as
The The third term in Eq. (12) can be written as
The first commutator can be broken into two parts as [
The last part can be reduced to −igE 
Combining these results and using
The other cross term from Eq. (12) can be obtained from Eq. (17) by multiplying the result by a minus sign to account for the reversed order of the terms, and by interchanging the indices i ↔ j. Combining the two cross terms of Eq. (12) gives
The first term on the right hand side can be re-written as iǫ 
Using ǫ kmn ǫ mrs = −δ kr δ ns + δ ks δ nr and renaming some summed over dummy indices Eq.
(19) becomes
Combining the result of Eq. (20) with the results from Eqs. (11) and (14) we find that the commutator for the combined field plus orbital angular momentum density is was assumed that the group and space parts of the color electric and magnetic fields could be
does not satisfy the angular momentum commutators then it may be that only the full QCD angular momentum (spin part plus orbital part plus gluon part) is a proper angular momentum. Finally, conditions could be imposed on the color electric and magnetic fields, and/or on the spinors, ψ, so that one obtains the correct commutation relationship. For example, if and with other parts of the QCD angular momentum operator will in general depend on the specific form of E ia and B ia , therefore it may not be unreasonable that some restriction will be placed on these fields by the commutation relationships. As an example one can consider the fields of a color charge located at R and a color magnetic dipole, m, located at the origin. In the one-gluon exchange approximation [5] the color fields will take the following electromagnetic-like form
where x ′ = x − R and the color dipole is oriented along the positive z-axis. From Refs.
[2] [7] this particular field configuration results in L QCD + G QCD satisfying the angular momentum commutator (i.e. the second term in Eq. (21) does not contribute). The condition in Eq.
(22) does not uniquely determine the color fields, since E la = B la and x l B la = 0 also satisfy Eq. (22). Even though the above examples may not be realistic color fields, the point is that even more realistic field configurations, determined dynamically from the QCD field equations via lattice gauge theory or some other method, may have kinematical restrictions coming from the angular momentum commutators.
IV. DISCUSSION AND CONCLUSIONS
Using the gauge-invariant form of the QCD angular momentum operator which was recently given in Ref. [3] we have found that when some of the contributions to the total nucleon spin are considered separately they do not obey the angular momentum commutation relationship. This implies that they are not, by themselves, good angular momentum operators. In particular the orbital angular momentum term in Eq. (2) does not obey
This calls into question the ability to break up the total spin of the nucleon as in Eq. (1). It also highlights the fact that in addition to the experimental difficulty in determining the orbital angular momentum contribution to the nucleon spin, there is a theoretical difficulty that arises if the orbital term in Eq. (2) is considered by itself. This result was arrived at without any assumptions concerning the specific nature of the color electric and magentic fields.
Based on the results of studies of electromagnetic systems, such as the charge-monopole system [6] or the charge-magnetic dipole system [7] , where it is only the combination of orbital plus field angular momentum which satisfied the correct commutation relationships, Both (a) and (c) indicate that some restrictions are placed on the form of the color electric and magnetic fields by the commutation relationships. This conclusion is interesting since it is an open question as to the specific form of the color fields. Determining the form for the color fields is a dynamical problem for QCD, which requires some non-perturbative method such as lattice gauge theory or some other means of quantizing strong, non-linear fields (see for example Ref. [9] ). However, having kinematical restrictions on the color fields may help in determining what form they can have from the dynamics of the QCD field equations.
